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Abstract
We study the O(ΛQCD/mb) corrections to the singly and doubly differential hadronic invariant
mass spectra dΓ/dsH and dΓ/dsHdq
2 in B¯ → Xuℓν¯ℓ decays, and discuss the implications for
the extraction of the CKM matrix element |Vub|. Using simple models for the subleading shape
functions, the effects of subleading operators are estimated to be at the few percent level for
experimentally relevant cuts. The subleading corrections proportional to the leading shape function
are larger, but largely cancel in the relation between the hadronic invariant mass spectrum and
the photon spectrum in B¯ → Xsγ. We also discuss the applicability of the usual prescription
of convoluting the partonic level rate with the leading light-cone wavefunction of the b quark to
subleading order.
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I. INTRODUCTION
The CKM parameter |Vub| is of phenomenological interest both because it is a basic
parameter of the Standard Model and because of the role it plays in precision studies of
CP violation in the B meson system. Currently, the theoretically cleanest determinations
of |Vub| come from inclusive semileptonic decays, which are not sensitive to the details of
hadronization.
For sufficiently inclusive observables, inclusive decay rates may be written as an expansion
in local operators [1]. The leading order result corresponds to the decay of a free b quark
to quarks and gluons, while the subleading corrections, proportional to powers of ΛQCD/mb,
describe the deviations from the parton model. Up to O(Λ2QCD/m
2
b), only two operators
arise,
λ1 ≡ 1
2mB
〈B¯|h¯v(iD)2hv|B¯〉, λ2(µ) ≡ 1
6mB
〈B¯|h¯vσµνGµνhv|B¯〉. (1)
The B − B∗ mass splitting determines λ2(mb) ≃ 0.12GeV2, while a recent fit to moments
of the charged lepton spectrum in semileptonic b→ c decay obtained [2]
m1Sb = 4.82± 0.07E ± 0.11T GeV, λ1 = −0.25± 0.02ST ± 0.05SY ± 0.14T GeV2 (2)
where m1Sb is the short-distance “1S mass” of the b quark [3, 4]. (Moments of other spectra
give similar results [5, 6].) These uncertainties correspond to an uncertainty of ∼ 5% in the
relation between |Vub| and the inclusive B¯ → Xuℓν¯ℓ width [3, 7].
Unfortunately, the semileptonic b → u decay rate is difficult to measure experimentally,
because of the large background from charmed final states. As a result, there has been much
theoretical and experimental interest in the decay rate in restricted regions of phase space
where the charm background is absent. Of particular interest have been the large lepton
energy region, Eℓ > (m
2
B−m2D)/2mB, the low hadronic invariant mass region, mX ≡
√
sH <
mD [8], the large lepton invariant mass region q
2 > (mB − mD)2 [9], and combinations of
these [10]. The charged lepton cut is the easiest to implement experimentally, while the
hadronic mass cut has the advantage that it contains roughly 80% of the semileptonic rate
[11]. However, in both cases the kinematic cuts constrain the final hadronic state to consist
of energetic, low-invariant mass hadrons, and the local OPE breaks down (this is not the
case for the large q2 region or for appropriately chosen mixed cuts). In this case, the relevant
spectrum is determined at leading order in ΛQCD/mb by the light-cone distribution function
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of the b quark in the meson [12, 13],
f(ω) ≡ 〈B¯|b¯ δ(ω + in · Dˆ) b|B¯〉
2mB
(3)
where nµ is a light-like vector, and hatted variables are normalized to mb: Dˆ
µ ≡ Dµ/mb.1
f(ω) is often referred to as the shape function, and corresponds to resumming an infinite se-
ries of local operators in the usual OPE. The physical spectra are determined by convoluting
the shape function with the appropriate kinematic functions:
1
Γ0
dΓ
dEˆℓ
(B¯ → Xuℓν¯ℓ) = 4
∫
θ(1− 2Eˆℓ − ω)f(ω) dω + . . . (4)
1
Γ0
dΓ
dsˆH
(B¯ → Xuℓν¯ℓ) =
∫ 2sˆ2H(3ω − 2sˆH)
ω4
θ(ω − sˆH)f(ω − ∆ˆ) dω + . . . (5)
where 1− 2Eˆℓ <∼ ΛQCD/mb, sˆH <∼ ΛQCD/mb and ∆ ≡ mB −mb.
Since f(ω) also determines the shape of the photon spectrum in B¯ → Xsγ at leading
order,
1
Γs0
dΓ
dEˆγ
(B¯ → Xsγ) = 2f(1− 2Eˆγ) + . . . (6)
there has been much interest in extracting f(ω) from radiative B decay and applying it to
semileptonic decay. However, the relations (4–6) hold only at tree level and at leading order
in ΛQCD/mb, so a precision determination of |Vub| requires an understanding of the size of
the corrections. Radiative corrections were considered in [12, 13, 14, 15], while O(ΛQCD/mb)
corrections have been studied more recently in [16, 17, 18, 19]. In [16], the nonlocal dis-
tribution functions arising at subleading order were enumerated, and their contribution to
B¯ → Xsγ decay was studied. In [17], the corresponding corrections to the lepton endpoint
spectrum in B¯ → Xuℓν¯ℓ decay were studied, and it was shown that these effects were po-
tentially large. Similar results were obtained in [19], where the sub-subleading contribution
from annihilation graphs was also shown to be large. In this paper, we study the sublead-
ing corrections to the hadronic invariant mass spectrum in semileptonic b → u decay, and
estimate the theoretical uncertainties introduced by these terms. In addition, we present
results for the doubly differential spectrum dΓ/dsHdq
2 at leading and subleading order.
1 Because in our definition of f(ω) its argument is dimensionless, f(ω) differs by a factor of mb from the
usual definitions in the literature.
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II. MATCHING CALCULATION
A. The full theory spectrum
In the shape function region the final hadronic state has large energy but small invariant
mass, and so its momentum lies close to the light-cone. It is therefore convenient to introduce
two light-like vectors nµ and n¯µ related to the velocity of the heavy meson vµ by vµ =
1
2
(nµ + n¯µ), and satisfying
n2 = n¯2 = 0, v · n = v · n¯ = 1, n · n¯ = 2. (7)
In the frame in which the B meson is at rest, these vectors are given by nµ = (1, 0, 0, 1),
n¯µ = (1, 0, 0,−1) and vµ = (1, 0, 0, 0). The projection of an arbitrary four-vector aα onto
the directions which are perpendicular to the light-cone is given by aα⊥ = g
αβ
⊥ aβ , where
gµν⊥ = g
µν − 1
2
(nµn¯ν + n¯µnν) . (8)
Choosing our axes such that the momentum transfer to the leptons ~q is in the −~n direction,
we can write qµ = 1
2
n · q n¯µ + 1
2
n¯ · q nµ, the decay rate takes a particularly simple form in
terms of the variables n · q and n¯ · q:
dΓ(B¯ → Xuℓν¯ℓ) = 96π Γ0 WµνLµν(n · qˆ − n¯ · qˆ)2θ(n¯ · qˆ)θ(n · qˆ − n¯ · qˆ)dn · qˆ dn¯ · qˆ (9)
where
Γ0 =
G2F |Vub|2m5b
192π3
. (10)
The hadron tensor W µν is defined by
W µν ≡ −1
π
Im
(
−i
∫
d4x e−iq·x
〈B¯|T [J†µL (x)JνL(0)]|B¯〉
2mB
)
, (11)
where the weak current is JµL = u¯γ
µ(1− γ5)b, while the lepton tensor is
Lµν ≡
∫
dΠ2(q; pℓ, pν)Tr[p/νγ
µp/ℓγ
νPL] =
1
12π
(qµqν − q2gµν) (12)
and PL ≡ 12(1− γ5).
To calculate the hadronic invariant mass spectrum we switch to the variables (sH , q
2).
These are related to the variables in Eq. (9) by
sH = (mB − n · q)(mB − n · q¯)
= (mb +∆− n · q)(mb +∆− n¯ · q) (13)
q2 = n · q n¯ · q (14)
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and
dΓ
dn · q dn¯ · q =
√
((mb +∆)2 + q2 − sH)2 − 4(mb +∆)2q2 dΓ
dsH dq2
. (15)
Here ∆ = mB −mb is the difference between the B meson mass and the b quark mass. It is
O(ΛQCD) and has an expansion in terms of HQET parameters
∆ = Λ¯− λ1 + 3λ2
2mb
+ · · · . (16)
Since ∆ simply enters in the definition of sH , it is unrelated to the 1/m expansion in the
OPE, so we will not expand it via Eq. (16). With this change of variables, we define the
correlator T (sH , q
2) by
1
Γ0
dΓ
dsH dq2
=
1
2mB
〈B¯|T (sH, q2)|B¯〉. (17)
In Ref. [16] a nonlocal expansion was performed for the hadron tensor W µν , based on the
power counting
(mbv − q) · n¯ = mb − q · n¯ ∼ O(mb),
(mbv − q) · n = mb − q · n ∼ O(ΛQCD), (18)
kµ ∼ O(ΛQCD).
where the heavy quark momentum is defined as pµb = mbv
µ + kµ. However, the limits of
phase space integration in Eq. (9) include regions of phase space where this power counting is
violated. Hence, to keep our power counting consistent, we do not perform a nonlocal OPE
for W µν , but rather for T (sH , q
2). In these variables, the shape function region corresponds
to the region of low invariant mass,
sH ∼ O(ΛQCDmb). (19)
Since ∆ ∼ ΛQCD and kµ ∼ ΛQCD, expanding the light quark propagator in powers of
ΛQCD/mb gives at leading order
ip/u
p2u
=
in/
2mb
(1− qˆ2)
[sˆH − (∆ˆ− n · kˆ)(1− qˆ2)]
+ · · · (20)
(where ∆ˆ ≡ Λ¯/mb). Since both terms in the denominator are O(ΛQCD/mb), T (sH , q2) cannot
be expanded in powers of kµ and matched onto local operators (unless we also are restricted
to large q2, such that 1 − qˆ2 ≪ 1, in which case the second term in the denominator
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is subleading, and a local OPE may be performed [9, 10]). Instead, the OPE takes the
schematic form
T (sˆH, qˆ
2) =
∑
n
∫
Cn(ω, sˆH , qˆ
2)On(ω)dω (21)
where the On(ω)’s are bilocal operators in which the two points are separated along the
light cone.
B. Nonlocal operators
In Refs. [16, 17], it was shown that up to subleading order in ΛQCD/mb, the following
operators were required in the OPE (21):
O0(ω) = h¯vδ(ω + in · Dˆ)hv (22)
Oµ1 (ω) = h¯v{iDˆµ, δ(ω + in · Dˆ)}hv
Oµ2 (ω) = h¯v[iDˆ
µ, δ(ω + in · Dˆ)]hv
O3(ω) =
∫
dω1dω2 δ(ω1, ω2;ω)h¯vδ(in · Dˆ+ω2)gµν⊥ {iDˆµ, iDˆν}δ(in · Dˆ+ω1)hv,
O4(ω) = −
∫
dω1dω2 δ(ω1, ω2;ω)h¯vδ(in · Dˆ+ω2)ǫµν⊥ [iDˆµ, iDˆν ]δ(in · Dˆ+ω1)hv ,
P η0 (ω) = h¯vδ(ω + in · Dˆ)γηγ5hv
P µη1 (ω) = h¯v{iDˆµ, δ(ω + in · Dˆ)}γηγ5hv
P µη2 (ω) = h¯v[iDˆ
µ, δ(ω + in · Dˆ)]γηγ5hv
P η3 (ω) =
∫
dω1dω2 δ(ω1, ω2;ω)h¯vδ(in · Dˆ+ω2)gµν⊥ {iDˆµ, iDˆν}δ(in · Dˆ+ω1)γηγ5hv,
P η4 (ω) = −
∫
dω1dω2 δ(ω1, ω2;ω)h¯vδ(in · Dˆ+ω2)ǫµν⊥ [iDˆµ, iDˆν ]δ(in · Dˆ+ω1)γηγ5hv ,
where the hv’s are heavy quark fields in HQET, and we have defined
δ(ω1, ω2;ω) =
δ(ω − ω1)− δ(ω − ω2)
ω1 − ω2 (23)
and
ǫαβ⊥ = ǫ
αβσρvσnρ. (24)
These definitions differ slightly from the definitions in Refs. [16, 17], because we have chosen
to normalize all momenta to mb, to keep the resulting formulas simpler.
It is convenient to calculate the matching conditions onto a slightly different set of oper-
ators, defined in terms of full QCD b quark fields:
Q0(ω,Γ) = b¯δ(in · Dˆ + ω)Γb (25)
6
FIG. 1: Feynman rules for the operators Qi(ω,Γ) in n · A = 0 gauge. We have defined δ±(x) =
δ(ω + n · kˆ + x)± δ(ω + n · kˆ).
Qµ1(ω,Γ) = b¯
{
iDˆµ, δ(in · Dˆ + ω)
}
Γb,
Qµ2(ω,Γ) = b¯
[
iDˆµ, δ(in · Dˆ + ω)
]
Γb,
Q3(ω,Γ) =
∫
dω1dω2 δ(ω1, ω2;ω)b¯δ(in · Dˆ+ω2)gµν⊥ {iDˆµ, iDˆν}δ(in · Dˆ+ω1)Γb,
Q4(ω,Γ) = −
∫
dω1dω2 δ(ω1, ω2;ω)b¯δ(in · Dˆ+ω2)ǫµν⊥ [iDˆµ, iDˆν ]δ(in · Dˆ+ω1)Γb .
We have defined
iDµ ≡ iDµ −mbvµ (26)
so that iDµ acting on the b fields just bring down factors of the residual momentum kµ. The
Feynman rules for the Oi’s and Pi’s are given in [16, 17]. The rules for the Qi’s are given in
n · A = 0 gauge in Fig. 1, where we have defined
δ±(x) = δ(ω + n · kˆ + x)± δ(ω + n · kˆ). (27)
It is simpler to match onto the Qi’s initially since this matching does not require us to relate
the QCD quark fields to HQET quark fields. However, because the additional symmetries
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of HQET reduce the number of independent functions needed to parametrize the matrix
elements, it is convenient to then express the Qi’s in terms of the Oi’s and Pi’s. For an
arbitrary Dirac structure Γ we have
b¯δ(ω + in · Dˆ)Γb = h¯v
(
1 +
iD/
2mb
)
δ(ω + in · Dˆ)Γ
(
1 +
iD/
2mb
)
hv + · · · (28)
=
1
2
Tr[ΓP+]O0(ω)− 1
2
Tr[Γsη]P
η
0 (ω)
+
1
8
(Tr[γλΓP+] + Tr[ΓγλP+])O
λ
1 (ω)
+
1
8
(Tr[γλΓP+]− Tr[ΓγλP+])Oλ2 (ω)
− 1
8
(Tr[γλΓsη] + Tr[Γγλsη])P
λη
1 (ω)
− 1
8
(Tr[γλΓsη]− Tr[Γγλsη])P λη2 (ω) + · · ·
where
P+ =
1
2
(1 + v/) and sη = P+γ
ηγ5P+ (29)
and we have used the fact that
h¯vΓhv =
1
2
Tr[ΓP+]h¯vhv − 1
2
Tr[Γsη]h¯vγ
ηγ5hv. (30)
For our purposes, we will only need the case Γ = γσPL, which allows us to write
Q0(ω, γσPL) =
1
2
vσO0(ω)− 1
2
(gση − vσvη)P η0 (ω) (31)
+
1
4
gλσO
λ
1 (ω)−
1
4
(gσηvλ − gληvσ)P λη1 (ω)
+
1
4
iǫσληρv
ρP λη2 (ω) + · · ·
where the first line gives the leading order relation and subsequent lines contain the sub-
leading correction.
Similar relations may be derived for the subleading operators, though in these cases it is
not necessary to consider the subleading terms in the relation between the QCD operator
and the HQET operator, such terms being of higher order overall. Thus we have
Qµ1(ω, γσPL) =
1
2
vσO
µ
1 (ω)− 12(gησ − vηvσ)P µη1 (ω) + · · ·
Qµ2(ω, γσPL) =
1
2
vσO
µ
2 (ω)− 12(gησ − vηvσ)P µη2 (ω) + · · · (32)
Q3(ω, γσPL) =
1
2
vσO3(ω)− 12(gησ − vηvσ)P η3 (ω) + · · ·
Q4(ω, γσPL) =
1
2
vσO4(ω)− 12(gησ − vηvσ)P η4 (ω) + · · · .
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The leading and subleading operators can then be completely parametrized in terms of
five functions [16]:
〈B¯|O0(ω)|B¯〉 = 2mB
(
f(ω) +
t(ω)
2
)
〈B¯|Oµ1 (ω)|B¯〉 = 2mB(n− n¯)µωf(ω)
〈B¯|O3(ω)|B¯〉 = 4mBG2(ω) (33)
〈B¯|P µη2 (ω)|B¯〉 = −2mBiǫµη⊥ h1(ω)
〈B¯|P η4 (ω)|B¯〉 = 4mB(v − n)ηH2(ω)
(once again, unlike in [16], these are defined here in terms of dimensionless arguments). The
matrix elements of the other operators vanish.
C. Matching Conditions
The Wilson coefficients Ci(ω) of the operators in (21) are obtained by taking partonic
matrix elements of both sides of the OPE. In particular we take zero-, one-, and two-
gluon matrix elements, which corresponds to calculating the imaginary parts of the full-
theory forward-scattering diagrams in Figure 2, multiplying by the lepton tensor Lµν and
appropriate phase space factors and matching them onto linear combinations of the effective
diagrams. (The matching conditions may be completely determined from just the zero-gluon
and one-gluon matrix elements, but we have calculated the rest as a check of the results.)
The lepton tensor has the expansion
Lµν =
1
12π
(qµqν − q2gµν)
=
m2b
48π
{
n¯µn¯ν + qˆ2(nµn¯ν + n¯µnν) + qˆ4nµnν − 4qˆ2 gµν
}
(34)
− m
2
b
24π
(sˆH − ∆ˆ(1− qˆ2))
(1− qˆ2)
{
n¯µn¯ν − qˆ4nµnν
}
+ · · · .
(where we have used the decomposition qˆµ = n · qˆn¯µ/2 + n¯ · qˆnµ/2), while the phase space
factors give
(n · qˆ − n¯ · qˆ)2√
((1 + ∆ˆ)2 + qˆ2 − sˆH)2 − 4(1 + ∆ˆ)2qˆ2
θ(n · qˆ − n¯ · qˆ)θ(n¯ · qˆ)
= (1− qˆ2)θ(qˆ2)θ(1− qˆ2)
−(1 + qˆ
2)sˆH − 2qˆ2(1− qˆ2)∆ˆ
1− qˆ2 θ(qˆ
2)θ(1− qˆ2)− 2sˆHδ(1− qˆ2) + . . . (35)
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FIG. 2: Full-theory forward scattering diagrams.
The zero-gluon diagram in Figure 2(a) gives the amplitude
iA0 = iγ
µp/u
p2u
γνPL. (36)
Taking the imaginary part of this amplitude gives
− mb
π
Im[A0] = γ
µpˆ/uγ
νPLδ(pˆ
2
u)
=
1
2
γµn/γνPL
[
(1− qˆ2)δ(h(n · kˆ)) (37)
+
{
sˆH
1− qˆ2 (∆ˆ(1− qˆ
4)− sˆH qˆ2)− (1− qˆ2)kˆ2⊥
}
δ′(h(n · kˆ))
]
+γµkˆ/⊥γ
νPLδ(h(n · kˆ)) + · · ·
where we have expanded the amplitude to subleading order using (19) and we have simplified
the expression by integrating by parts. The function h(x) appearing in (37) is
h(x) = sˆH − (∆ˆ− x)(1 − qˆ2). (38)
Multiplying this result by the lepton tensor (34) and phase space factors (35), and expanding
to subleading order we find
〈b|T (sˆH, qˆ2)|b〉 =
∑
n
∫
dω C˜σn(ω, sˆH, qˆ
2)〈b|Qn(ω, γσPL)|b〉 (39)
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where
C˜σ0 (ω, sˆH, qˆ
2) = 4(1− qˆ2)2(2qˆ2nσ + n¯σ)θ(qˆ2)θ(1− qˆ2)δ(h(−ω))
+8(1− qˆ2)((∆ˆ(1− 3qˆ2)− ωqˆ2(3− qˆ2))nσ
−(∆ˆ + ω(2− qˆ2))n¯σ)θ(qˆ2)θ(1− qˆ2)δ(h(−ω))
+4∆ˆn¯σδ(qˆ2)δ(h(−ω)) + · · · (40)
C˜µσ1 (ω, sˆH, qˆ
2) = 4qˆ2(1− qˆ2)gµσ⊥ θ(qˆ2)θ(1− qˆ2)δ(h(−ω)) + · · ·
C˜σ3 (ω, sˆH, qˆ
2) = −2(1 − qˆ2)(2qˆ2nσ + n¯σ)θ(qˆ2)θ(1− qˆ2)δ(h(−ω)) + · · · .
In order to determine the other matching coefficients, we calculate the one-gluon ampli-
tude in Figure 2(b). Defining ℓ to be the incoming gluon momentum, we have
iA1 = igT
aγ
µ(p/u + ℓ/)γ
αp/uγ
νPL
(pu + ℓ)2p2u
. (41)
where (α, a) are, respectively, the Lorentz and colour indices of the gluon field.
Taking into account the two cuts which result from taking Im[A1] and scaling the gluon
momentum as ℓα ∼ O(ΛQCD), we obtain, after expanding to leading order in n ·A = 0 gauge,
− m
2
b
π
Im[A1] = −gT
a
4
γµ
{
2γα⊥δ˜+(n · ℓˆ) + 2n/(2kˆ + ℓˆ)α⊥
(
δ˜−(n · ℓˆ)
n · ℓˆ
)
(42)
+ 2iǫαβ⊥ γβγ5δ˜−(n · ℓˆ) + 2iǫαβ⊥ ℓˆ⊥βn/γ5
(
δ˜−(n · ℓˆ)
n · ℓˆ
)}
γνPL + · · ·
where, in analogy with (27), we have defined
δ˜±(x) = δ(h(n · kˆ + x))± δ(h(n · kˆ)). (43)
Again, multiplying by the lepton tensor and phase space factors gives
〈b|T (sˆH , qˆ2)|b g〉 =
∑
n
∫
dω C˜σn(ω, sˆH , qˆ
2)〈b|Qn(ω, γσPL)|b g〉. (44)
Part of (42) is reproduced by combining the Wilson coefficients (40) determined earlier with
the one-gluon Feynman rules for Q1,3(ω, γ
σPL), while the remainder corresponds to matrix
elements of Q2,4(ω, γ
σPL) with the coefficients
C˜µσ2 (ω, sˆH, qˆ
2) = 4qˆ2(1− qˆ2)iǫµσ⊥ θ(qˆ2)θ(1− qˆ2)δ(h(−ω)) + · · ·
C˜σ4 (ω, sˆH, qˆ
2) = −2(1− qˆ2)(2qˆ2nσ + n¯σ)θ(qˆ2)θ(1− qˆ2)δ(h(−ω)) + · · · . (45)
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The final matrix element to evaluate is the two-gluon amplitude, Fig. 2(c). The amplitude
is
iA2 = ig
2γµ
{
T aT b
(p/u + ℓ/1 + ℓ/2)γ
α1(p/u + ℓ/2)γ
α2p/u
(pu + ℓ1 + ℓ2)2(pu + ℓ2)2p2u
(46)
+ T bT a
(p/u + ℓ/1 + ℓ/2)γ
α2(p/u + ℓ/1)γ
α1p/u
(pu + ℓ1 + ℓ2)2(pu + ℓ1)2p2u
}
γνPL
so that after cutting the diagrams and expanding to leading order, again in n ·A = 0 gauge,
we obtain
− m
3
b
π
Im[A2] =
g2
2
γµn/γνPL
{
gα1α2⊥ {T a, T b} − iǫα1α2⊥ [T a, T b]
} δ˜−(n · (ℓˆ1 + ℓˆ2))
n · (ℓˆ1 + ℓˆ2)
+ · · · (47)
The two gluon matrix element of T (sˆH , qˆ
2) agrees with the results of (40) and (45) for C3
and C4; hence, no new operators are required, as expected.
Integrating these expressions over q2 we obtain the OPE for dΓ/dsH
1
Γ0
dΓ
dsˆH
=
1
2mB
∑
n
∫ ∞
−∞
dω Cσn(ω, sˆH)〈B¯|Qn(ω, γσPL)|B¯〉 (48)
where
Cσ0 (ω, sˆH) = −
4sˆ2H(2(sˆH − ∆ˆ− ω)nσ − (∆ˆ + ω)n¯σ)
(∆ˆ + ω)4
θ (sˆH) θ
(
∆ˆ + ω − sˆH
)
+
8sˆH
(∆ˆ + ω)4
{
(sˆ2Hω + sˆH(ω
2 + 4ω∆ˆ + 3∆ˆ2)− 2(∆ˆ + ω)3)nσ
−(∆ˆ + ω)(∆ˆ2 + 2ω∆ˆ + ω(sˆH + ω))n¯σ
}
θ (sˆH) θ
(
∆ˆ + ω − sˆH
)
+ 4∆ˆn¯σδ
(
∆ˆ + ω − sˆH
)
+ · · · (49)
Cµσ1 (ω, sˆH) = −
4sˆH(sˆH − ∆ˆ− ω)gµσ⊥
(∆ˆ + ω)3
θ (sˆH) θ
(
∆ˆ + ω − sˆH
)
+ · · ·
Cµσ2 (ω, sˆH) = −
4sˆH(sˆH − ∆ˆ− ω)iǫµσ⊥
(∆ˆ + ω)3
θ (sˆH) θ
(
∆ˆ + ω − sˆH
)
+ · · ·
Cσ3 (ω, sˆH) =
2sˆH(2(sˆH − ∆ˆ− ω)nσ − (∆ˆ + ω)n¯σ)
(∆ˆ + ω)3
θ (sˆH) θ
(
∆ˆ + ω − sˆH
)
+ · · ·
Cσ4 (ω, sˆH) =
2sˆH(2(sˆH − ∆ˆ− ω)nσ − (∆ˆ + ω)n¯σ)
(∆ˆ + ω)3
θ (sˆH) θ
(
∆ˆ + ω − sˆH
)
+ · · · .
Finally, relating the Qi’s to the Oi’s and Pi’s via (31) and (32) and taking the matrix
elements (33), we obtain the expression for the hadronic invariant mass spectrum:
1
Γ0
dΓ
dsˆH
=
∫ ∞
−∞
dω
{
2sˆ2H(3ω − 2sˆH)f(ω − ∆ˆ)
ω4
θ (sˆH) θ (ω − sˆH) (50)
12
+ 2∆ˆf(ω − ∆ˆ)θ (sˆH) δ (ω − sˆH)
+
[
2sˆH(4sˆ
2
H(ω − ∆ˆ) + sˆHω(7∆ˆ− ω)− 6ω3)f(ω − ∆ˆ)
ω4
+
sˆ2H(3ω − 2sˆH)t(ω − ∆ˆ)
ω4
− 2sˆH(3ω − 2sˆH)G2(ω − ∆ˆ)
ω3
+
2sˆH(2sˆ
2
H + ωsˆH − 2ω2)h1(ω − ∆ˆ)
ω4
− 2sˆH(2sˆH − ω)H2(ω − ∆ˆ)
ω3
]
θ (sˆH) θ (ω − sˆH)
}
+ · · ·
Eq. (50) is the principal result of this paper. It may be checked for consistency with the
result obtained via the local OPE by expanding the matrix elements of the operators (22)
such that in ·D ∼ O(ΛQCD). This gives [16]
f(ω) = δ(ω)− λ1
6m2b
δ′′(ω)− ρ1
18m3b
δ′′′(ω) + · · ·
ωf(ω) =
λ1
3m2b
δ′(ω) +
ρ1
6m3b
δ′′(ω) + · · ·
h1(ω) =
λ2
m2b
δ′(ω) +
ρ2
2m3b
δ′′(ω) + · · · (51)
G2(ω) = − 2λ1
3m2b
δ′(ω) + · · ·
H2(ω) = − λ2
m2b
δ′(ω) + · · ·
t(ω) = −λ1 + 3λ2
m2b
δ′(ω) +
τ
2m3b
δ′′(ω) + · · ·
where each term in the expansion is of the same order in the shape function region, but
the terms indicated by ellipses are higher order in the local OPE. The λ1,2 parameters are
defined in (1) and the ρ1,2 parameters are defined by
1
2mB
〈B¯|h¯viDαiDµiDβhv|B¯〉 = 1
3
(gαβ − vαvβ)vµρ1 (52)
1
2mB
〈B¯|h¯viDαiDµiDβsδhv|B¯〉 = 1
2
iǫναβδv
νvµρ2.
When substituted into the spectrum (50) and integrated over ω we obtain to subleading
order
1
Γ0
dΓlocal
dsˆH
=
{
2sˆ2H(3∆ˆ− 2sˆH)
∆ˆ4
θ(∆ˆ− sˆH)θ(sˆH) (53)
+λˆ1
(
4sˆ2H(10sˆH − 9∆ˆ)
3∆ˆ6
θ(∆ˆ− sˆH)θ(sˆH) + 2
3∆ˆ2
δ(sˆH − ∆ˆ)
)
13
+ρˆ1
20sˆ2H(4sˆH − 3∆ˆ)
3∆ˆ7
θ(∆ˆ− sˆH)θ(sˆH)
}
+
12sˆH(sˆH − ∆ˆ)
∆ˆ2
θ(∆ˆ− sˆH)θ(sˆH) + 2∆ˆδ(sˆH − ∆ˆ)
+ λˆ1
(
sˆH(56sˆ
2
H − 129∆ˆsˆH + 36∆ˆ2)
3∆ˆ5
θ(∆ˆ− sˆH)θ(sˆH) + 11
3∆ˆ
δ(sˆH − ∆ˆ)
)
+ λˆ2
(
sˆH(40sˆ
2
H − 9∆ˆsˆH − 12∆ˆ2)
∆ˆ5
θ(∆ˆ− sˆH)θ(sˆH)− 1
∆ˆ
δ(sˆH − ∆ˆ)
)
+ ρˆ1
(
4sˆH(20sˆ
2
H − 33∆ˆsˆH + 3∆ˆ2)
3∆ˆ6
θ(∆ˆ− sˆH)θ(sˆH) + 6
∆ˆ2
δ(sˆH − ∆ˆ)
)
+ ρˆ2
(
4sˆH(10sˆ
2
H + 3∆ˆsˆH − 3∆ˆ2)
∆ˆ6
θ(∆ˆ− sˆH)θ(sˆH)− 8
∆ˆ2
δ(sˆH − ∆ˆ)
)
+ · · ·
where the terms in curly brackets are the leading order result, and the other terms are the
subleading order correction.
The local OPE spectrum can be obtained from the double-differential spectrum
dΓ/ds0dE0 presented in [5] and [20]. After changing variables to (sH , E0) and expand-
ing in powers of ΛQCD/mb (treating sH as order ΛQCDmb), performing the E0 integral we
obtain the local OPE for dΓ/dsˆH, which exactly reproduces the result (53).
III. RELATION TO PREVIOUS WORK
At leading order in 1/mb, the effects of the distribution function f(ω) may be simply
included by replacing mb in the tree-level partonic rate
mb → m∗b = mb(1− ω) (54)
and then convoluting the differential rate dΓ with the distribution function f(ω) [12],
dΓ =
∫
dΓparton|mb→m∗bf(ω) dω. (55)
Because of the leading factor ofm5b in the rate (10), this prescription leads to large subleading
corrections if the factor of m5b is included in the replacement (54).
In Ref. [11] this prescription was applied to the sH spectrum, although the m
5
b term was
not included in the replacement. This is perfectly consistent at leading order, but since other
subleading effects were introduced in Ref. [11] by the replacement (54), it is instructive to
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compare our result (50) with the results of Ref. [11], expanded consistently to subleading
order in 1/mb. At leading order, the results are identical:
2
1
Γ0
dΓ(0)
dsˆH
=
∫ ∞
0
A(sˆH , ω)f(ω − ∆ˆ) dω (56)
where
A(sˆH , ω) =
2sˆ2H(3ω − 2sˆH)
ω4
θ(ω − sˆH) (57)
At subleading order, the relevant terms in Eq. (50) may be written as
1
Γ0
dΓ(1)
dsˆH
=
∫ ∞
0
δA(sˆH , ω)f(ω − ∆ˆ) dω + . . . (58)
where the ellipses denote subleading shape functions, the effects of which cannot be re-
produced by the prescription (55). We will refer to these corrections as true subleading
corrections, and the terms arising from δA(sˆH , ω) as kinematic correction. The function
δA(ω, sˆH) is
δA(ω, sˆH) =
2sˆH(sˆH(5ω + ∆ˆ)− 6ω2)
ω3
θ(ω − sˆH) + 2∆ˆδ(ω − sˆH)
=
2sˆH(8sˆ
2
H(∆ˆ− ω) + 3sˆHω(5ω − 3∆ˆ)− 6ω3)
ω4
+ 2∆ˆδ(ω − sˆH)
+
10sˆ2H(2sˆH − 3ω)(ω − ∆ˆ)
ω4
+
2sˆ2H(2sˆH − ω)(ω − ∆ˆ)
ω4
(59)
The second line of Eq. (59) agrees with the expansion of the results of Ref. [11] to subleading
order. The first term in the third line agrees with the expansion if the m5b factor is also
included in the convolution. Finally, the last term in Eq. (59) arises from the expansion of the
quark fields in terms of HQET fields in the relation (28). Thus, we see that to be consistent
to subleading order, one must include the m5b term in the replacement (54). However, like
the subleading shape functions, the subleading effects arising from the expansion of the
quark fields cannot be reproduced by this procedure.
The relative sizes of each of the terms in Eq. (59) is plotted in Fig. 3, using the simple
one-parameter model for f(ω) introduced in [13]
fmod(ω) =
32
π2∆ˆ
(1 + ω/∆ˆ)2e−
4
π
(1+ω/∆ˆ)2θ(1 + ω/∆ˆ) (60)
2 In Ref. [11] the upper limit of integration is ω =
√
sˆH ; however, the difference is higher order. In addition,
the region ω ∼ √sˆH ≫ sˆH is outside the region of support of the shape function, and so is expected to
be suppressed.
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FIG. 3: Plot of the kinematic corrections to the hadronic invariant mass spectrum, Eq. (58). The
dashed line is the leading order result (56), while the solid line includes the full set of kinetic
corrections. The dotted line corresponds to the expansion of the results of [11] to subleading order,
while the dot-dashed line also includes the contribution from the m5b term. The difference between
the dot-dashed and solid curves is due to the expansion of the heavy quark spinors.
and with ∆ˆ = 0.1. Numerically, the most important of these corrections corresponds to
smearing the m5b term, while the correction from expanding the quark fields is quite small.
However, such large corrections may be misleading, since if they are universal they may
simply be absorbed in a redefinition of the leading order shape function. Instead, one should
look at the corresponding relation between the hadronic invariant mass spectrum and the
B¯ → Xsγ photon energy spectrum. One might expect that the effect of convoluting the
m5b term would cancel in the relation, since both rates are proportional to m
5
b . However, in
the B¯ → Xsγ spectrum only three powers of mb come from the kinematics, while two arise
from the factor of mb in the Wilson coefficient of O7, and hence for this rate one should only
convolute three powers of mb. This may be verified by writing the results of Ref. [16] as
1
Γs0
dΓ
dx
(B¯ → Xsγ) = f(1− x)− 3(1− x)f(1− x) + (1− x)f(1− x) + . . . (61)
where once again the dots denote additional form factors, and the partonic rate is
Γs0 =
G2F |VtbV ∗ts|2α|Ceff7 |2m5b
32π4
. (62)
In the expression (61), the second term corresponds to smearing three powers of mb in the
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rate, while the third third term arises from the expansion of the quark fields. Thus, there is
an incomplete cancellation of the kinematic corrections between the two spectra.
IV. PHENOMENOLOGY
A. The B¯ → Xuℓν hadronic invariant mass spectrum and the B¯ → Xsγ photon
energy spectrum
As discussed in the previous section, there are large kinematic corrections to the leading
order results, largely due to the m5b term in the rate. However, these are reduced in the
relation between the hadronic invariant mass spectrum and the B¯ → Xsγ photon energy
spectrum. Similarly, the T-product t(x) is universal for all processes involving B meson
decays (it only differentiates between B and B∗, D and D∗ decays) and so its effects similarly
cancel. Hence, it is useful to express the hadronic invariant mass spectrum in terms of the
experimentally measurable B¯ → Xsγ photon energy spectrum.
The B¯ → Xsγ photon energy spectrum is given at tree level to subleading order in 1/mb
by [16]
1
Γs0
dΓ
dEˆγ
= 2F (1− 2Eˆγ) (63)
where
F (x) = f(x) +
[
h1(x) +
t(x)
2
− 2xf(x)−G2(x) +H2(x)
]
+ · · · . (64)
(Note that at tree level only the operator O7 contributes. At one loop, effects of other
operators must be included [21]). Substituting this into Eq. (50) gives
1
Γ0
dΓ
dsˆH
=
∫ ∞
0
dω
{
(A(ω, sˆH) + δA(ω, sˆH))F (ω − ∆ˆ) + δF (ω, sˆH, ∆ˆ)
}
dω (65)
where A(ω, sˆH) and δA(ω, sˆH) are defined in (56) and (59), and
δF (ω, sˆH, ∆ˆ) =
[
−2sˆH(2sˆH − 3ω)(sˆH − ω)
ω4
G2(ω − ∆ˆ)
+
4sˆH(2sˆH + ω)(sˆH − ω)
ω4
h1(ω − ∆ˆ)
+
2sˆH(2sˆ
2
H − 4ωsˆH + ω2)
ω4
H2(ω − ∆ˆ)
]
θ(ω − sˆH) (66)
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contains the subleading shape functions. (Note that the dependence on the T-product t(x)
drops out of this relation.)
To extract |Vub|, we are interested in the integrated rate
ΓsH(sˆ
c
H) =
∫ sˆc
H
0
dΓ
dsˆH
dsˆH (67)
up to a maximum value sˆcH . The integrated rate for B¯ → Xuℓν¯ℓ is free of backgrounds from
B¯ → Xcℓν¯ℓ for scH < m2D, although because of experimental resolution the experimental
cut is typically somewhat lower: a recent BABAR measurement [22] used scH = (1.55GeV)
2.
From Eq. (65), we have
1
Γ0
ΓsH(sˆ
c
H) =
∫ ∞
0
{
(A˜(ω, sˆcH) + δA˜(ω, sˆ
c
H))F (ω − ∆ˆ) + δF˜ (ω, sˆcH)
}
dω (68)
where
A˜(ω, sˆcH) = θ(sˆ
c
H − ω) +
(sˆcH)
3(2ω − sˆcH)
ω4
θ(ω − sˆcH),
δA˜(ω, sˆcH) =
8(∆ˆ− ω)
3
θ(sˆcH − ω) +
2(sˆcH)
2(sˆcH(∆ˆ + 5ω)− 9ω2)
3ω3
θ(ω − sˆcH),
δF˜ (ω, sˆcH) = −
2
3
(
G2(ω − ∆ˆ) + 2h1(ω − ∆ˆ) +H2(ω − ∆ˆ)
)
θ(sˆcH − ω)
+
[
−(sˆ
c
H)
2(3(sˆcH)
2 − 10ωsˆcH + 9ω2)
3ω4
G2(ω − ∆ˆ)
+
2(sˆcH)
2(3(sˆcH)
2 − 2ωsˆcH − 3ω2)
3ω4
h1(ω − ∆ˆ)
+
(sˆcH)
2(3(sˆcH)
2 − 8ωsˆcH + 3ω2)
3ω4
H2(ω − ∆ˆ)
]
θ(ω − sˆcH). (69)
Note that the upper limit of integration in ω corresponds to a photon energy xγ = 1+∆ˆ−ω <
0; however, as discussed earlier, this region is outside the region of support of the shape
function, and its contribution should be highly suppressed. Thus, in the relation between
the spectra we may set the lower limit on xγ to zero.
Comparing the two forms for the integrated spectrum ΓsH (sˆ
c
H) in (63) and (68), we can
isolate the CKM parameter |Vub|:
|Vub|
|VtbV ∗ts|
=
(
1− 1
2
δΓsH (sˆ
c
H)
)(
6α|Ceff7 |2
π
)1/2
×


∫ sˆc
H
0
dΓ
dsˆH
dsˆH∫ mˆB/2
0
(A˜(mˆB − 2Eˆγ, sˆcH) + δA˜(mˆB − 2Eˆγ, sˆcH))
dΓ
dEˆγ
dEˆγ


1/2
(70)
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where we have defined
δΓsH(sˆ
c
H) =
∫ ∞
0
δF˜ (ω, sˆcH) dω∫ ∞
0
A˜(ω, sˆcH)f(ω − ∆ˆ) dω
(71)
which contains the effects of the new subleading distribution functions. For comparison
purposes, we also define
δΓfullsH (sˆ
c
H) =
∫ ∞
0
δA˜(ω, sˆcH)f(ω − ∆ˆ) + δF˜ (ω, sˆcH) dω∫ ∞
0
A˜(ω, sˆcH)f(ω − ∆ˆ) dω
(72)
which gives the full fractional subleading correction to the relation between the two spectra.
To proceed further we must introduce a model for the shape functions.
B. Shape function models
The shape functions are nonperturbative functions which cannot at present be calculated
from first principles. We do, however, know several moments of these functions [16], and we
can use this information to constrain possible models of the shape functions.
The leading order shape function is modeled with fmod(ω) defined in (60). We will use
three models of the subleading shape functions. The first was introduced in [16], based on
the leading order function fmod(ω). The subleading functions are defined as
h1 mod1(ω) =
λ2
m2b
f ′mod(ω)
G2 mod1(ω) = − 2λ1
3m2b
f ′mod(ω)
H2 mod1(ω) = − λ2
m2b
f ′mod(ω)
tmod1(ω) = −λ1 + 3λ2
m2b
f ′mod(ω) (73)
to reproduce the leading terms in Eq. (51).
The second model was introduced in [18], in which the subleading functions are defined
in terms of a single function
s(ω, b) = − b
2
∆ˆ2
e−b(1+ω/∆ˆ)
(
b(1 + ω/∆ˆ)− 1
)
θ(1 + ω/∆ˆ). (74)
19
The dimensionless free parameter b is constrained to be O(1) by the requirement that the
nth moments of the functions scale like ∆ˆn+1. We will take b = 1 in our plots; larger values
of b reduce the effects of the subleading shape functions. We have
h1 mod2(ω, b) =
λ2
m2b
s(ω, b)
G2 mod2(ω, b) = − 2λ1
3m2b
s(ω, b)
H2 mod2(ω, b) = − λ2
m2b
s(ω, b).
tmod2(ω, b) = −(λ1 + 3λ2)
m2b
s(ω, b). (75)
Note that in the first model the subleading shape functions vanish at ω = ∆ˆ, while in the
second they are finite but nonzero.
In our third model3, we use a model for the subleading shape functions that has an
additional sign flip in the region of integration. We take
h1 mod3(ω) =
λ2
m2b
f ′2(ω)
G2 mod3(ω) = − 2λ1
3m2b
f ′2(ω)
H2 mod3(ω) = − λ2
m2b
f ′2(ω)
tmod3(ω) = −(λ1 + 3λ2)
m2b
f ′2(ω) (76)
where
f2(ω) = − 32
π2∆ˆ
(
ω + ∆ˆ
)
θ
(
1 +
ω
∆ˆ
)
d
dω
((
1 +
ω
∆ˆ
)3
e−
4
π
(1+ω/∆ˆ)2
)
. (77)
We plot the function h1(ω) in each of these models in Fig. 4.
Although the models have very different behaviour, we can verify that they are all rea-
sonable by calculating the first few moments Mn ≡
∫∞
−∞ ω
nH2(ω)dω in each model and
showing that they are of order (ΛQCD/mb)
n+1. For mb = 4.8 GeV, for model 1 we find
|M1| = (0.35GeV/mb)2, |M2| = 0, |M3| = (0.35GeV/mb)4 and |M4| = (0.29GeV/mb)5.
For model 2 we find |M1| = (0.35GeV/mb)2, |M2| = (0.49GeV/mb)3, |M3| =
(0.70GeV/mb)
4 and |M4| = (0.90GeV/mb)5, while for model 3 the corresponding mo-
ments are |M1| = (0.35GeV/mb)2, |M2| = (0.54GeV/mb)3, |M3| = (0.54GeV/mb)4 and
3 We thank C. Bauer for discussions of this model.
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FIG. 4: Three models of h1(ω): model 1 (solid curve), model 2 (dashed curve) and model 3
(dot-dashed curve).
|M4| = (0.58GeV/mb)5. Thus, the first few moments of each model scale like typical
hadronic scales to the appropriate power. Similar results are obtained for the moments of
G2(ω) and h1(ω).
C. Numerical results
Both the Wilson coefficients and models for the shape functions depend on the b quark
mass mb. While in our formulas we are implicitly using the pole mass, it is well-known that
this leads to badly behaved perturbative series, and so we expect that radiative corrections
to these results will be minimized if a sensible short-distance mass is used instead. The
MS mass m¯b(m¯b) is well-defined, but does not lead to small perturbative corrections in B
decays [23, 24]. The “threshold” masses, including the 1S mass, PS mass and kinetic mass,
are preferable in this context. At two-loops, a pole mass of mb = 4.8 GeV corresponds to
a kinetic mass mkinb (1GeV) of about 4.6 GeV, PS and 1S masses of about 4.7GeV and an
MS mass m¯b(m¯b) of about 4.3 GeV. Thus, to give an estimate of the mb dependence of our
results, we plot them for mb = 4.8 GeV and mb = 4.5 GeV.
In Fig. 5, we plot the hadronic invariant mass spectrum using the three models of the
previous section for the subleading corrections. These corrections are clearly large and model
dependent over much of the spectrum. However, the integrated rate is much less sensitive
to the subleading corrections. The functions δΓsH (sˆ
c
H) and δΓ
full
sH
(sˆcH) defined in Eqs. (71)
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FIG. 5: Model calculations of the hadronic invariant mass spectrum dΓ/dsH , for mb = 4.8GeV
(a) and mb = 4.5GeV (b). The dotted curve is the leading order result; the other curves are the
results in the models discussed in the text. The curves are denoted as in Fig. 4. The right vertical
line denotes the kinematic limit sH = m
2
D; the left line denotes the BABAR cut sH = (1.55GeV)
2.
and (72) are plotted in Fig. 6 for the three models presented in the previous section.
From these figures it is clear that, at least for the particular models we have chosen, the
subleading shape functions do not contribute a large uncertainty in the extraction of |Vub|,
and that the dominant subleading effects are from the kinematic terms. This should not be
surprising: since there are no O(ΛQCD/mb) corrections to the total semileptonic decay rate
[1], the subleading corrections must vanish when integrated over the full spectrum. Since
the experimental cuts include a large fraction of the rate, the contribution to the integrated
rate from the subleading corrections is correspondingly suppressed. This is evident from the
plots in Fig. 6, where the fractional correction tends to zero as the cut is increased.
It is useful to compare these results with analogous results for the lepton energy spectrum
in semileptonic B decays, given in [17]. In this case, only ∼ 10% of the rate is included, and
the subleading corrections are substantial. The analogous relation to Eq. (70) is
|Vub|
|VtbV ∗ts|
=
(
1− 1
2
δΓEℓ(Eˆ
c
ℓ)
)(
6α|Ceff7 |2
π
)1/2 
∫ mˆB/2
Eˆc
ℓ
dΓ
dEˆℓ
dEˆℓ∫ mˆB/2
Eˆc
ℓ
8(Eˆγ − Eˆcℓ )(1− Eˆγ) dΓdEˆγ dEˆγ


1/2
(78)
where
δΓEℓ(Eˆ
c
ℓ ) = 2
∫ mˆB−2Eˆcℓ
0 (mˆB − 2Eˆcℓ − ω)(H2(ω − ∆ˆ)− h1(ω − ∆ˆ)) dω∫ mˆB−2Eˆcℓ
0 (mˆB − 2Eˆcℓ − ω)f(ω − ∆ˆ) dω
. (79)
In Fig. 7 we plot δΓEℓ(Eℓ) for mb = 4.8 GeV and mb = 4.5 GeV in the three models used in
this paper. It is clear from the figures that for lepton cuts near the kinematic limit Eℓ = 2.3
22
FIG. 6: Model calculations of the fractional corrections δΓfullsH and δΓsH to the cut width, as defined
in Eqs. (71) and (72), for mb = 4.8GeV (a,b) and mb = 4.5GeV (c,d). The three curves refer to
the three different models in Fig. 4. δΓfullsH includes all the subleading corrections, including those
proportional to the leading order shape function, while δΓsH only includes the corrections from
subleading shape functions. The right vertical line denotes the kinematic limit sH = m
2
D; the left
line denotes the BABAR cut sH = (1.55GeV)
2.
GeV, the uncertainty in |Vub| from higher order shape functions is much greater for the
lepton energy spectrum than from the hadronic invariant mass spectrum.
V. CONCLUSIONS
We have calculated the hadronic invariant mass spectrum for B¯ → Xuℓν¯ℓ in terms of shape
functions to subleading order. Introducing some simple models for the shape functions we
have studied the dΓ/dsH spectrum numerically.
Since we know little about the form of the subleading shape functions, it is difficult
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FIG. 7: Model calculations of the fractional corrections δΓEℓ for the semileptonic B → Xu decay
width with a charged lepton energy cut, as defined in Eq. (79). The three curves refer to the three
different models in Fig. 4. The solid line denotes the kinematic upper limit from B → Xc decay.
to estimate the corresponding theoretical uncertainty in |Vub|. However, using the spread
of models as a guide, we can conclude that the largest subleading effects are proportional
to the leading order shape function, and so, given a determination of the shape function
from B¯ → Xsγ decay, do not increase the theoretical uncertainty. Assuming our spread of
models provides a reasonable measure of the theoretical uncertainty, we can conclude that
the theoretical uncertainty in |Vub| due to higher order shape functions is at the few percent
level. This is substantially less than the corresponding uncertainty in the integrated lepton
energy spectrum with the current experimental cuts. This is also much less than the other
sources of experimental and theoretical error in the current measurements of the integrated
hadronic energy spectrum.
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